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Note on f e-xo ( j1 () x-n dx 

By Henry E. Fettis 

In a recent paper this integral has been calculated numerically by Weeg [1] for 
the cases n = 0, 1. The following analytic expression for this integral when n = 0 
in terms of elliptic integrals is given by Byrd and Friedman ([2], formula 563.01): 

I( p, r, s) = | e-'tJo(rt) Ji(st) dt = - [1 - A0J, k)] 

(1) = 1 1 - 2 {E(k) F(O, k') + K(k) [E(g, k') -F(Ol k')]}] 

with 

[N - p2 - r2 + 82] [N _ p2 + r2 - s21 
[N + p2 + r2 - S2] [N + p2 - r2 + S2] 

2= 2I1 + P2 +r2 + s] 

N = /(p2 + r2 + S2)2 + 4p282. 

Ao(3, k) is known as Heuman's Lambda Function. 
Calculations based on the above expressions do not agree with the ones made 

numerically in [1], and since the latter values have been verified by an independent 
relationship given in Weeg's paper,* the author was led to attempt to verify the 
above analytic expression independently. A closer examination of Eq. (1) leads 
one to question its validity by consideration of various special cases for which 
simpler expressions can be found. For example, it is known ([3], Chapter III, 
Art. 7) that 

(2) I(p,o,s) -= P 
S V/p2 + S2 

whereas (1) fails to reduce to this simple form when r = 0. It is also possible to 
demonstrate directly the relations: 

(3) sI(p, r, s) + r I(p, s, r) = 1- 2pK( ) = 1 

where 
k2 = 4rs/[p2 + (r + S)2], X = (p2 + r2 + s2)/2rs 

and 
I(0, r, s) = 1/s, r < s, 

(4) = 1/2s, r= s, 

= 0, r > s, 
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* Eq. 2 of [11 should read I(q, t, 0) + I(-q, t, 1) = 
NI [Q4(x) - OQ (X) I . 
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neither of which can be obtained as a special case of (1). In fact, for p = 0, the 
right side of (1) reduces identically to zero, irrespective of the relative magnitudes 
of r and s. A simpler expression for this integral has been derived by the present 
author in terms of complete elliptic integrals of the first and third kinds, by making 
use of the representation ([3], Chap. III, Art. 6): 

(5) irJo(rt)Ji(st) = f Jo[tx/r2 + d2-2rs cos 4)] d4. 

Differentiation of (5) gives 
7 ~~~~~~~~(s - r cos 4)) do) 

(6) 'rJo(rt)Ji(st) = J Ji[t>/r2 + S2-2rs cos (] X/r2 + s2-2rs cos 4) 

Thus 

Tr f e-PtJo(rt)Ji(st) dt = f ep dt f Ji[tX/r2 + s2 2rs cos 4] 

(s - r cos 4) d4) 
(7) 

s - r dor2 + S2-2rs cos 

fJo .rc f S2-2rs cosJ e 'Ji[tVr2 + s2-2rs cos 4] dt. 

Carrying out the integration with respect to "t" gives 

JX J (s -r cos + 
7r f GtJo(rt)Jj(st) dt =Ir2(-rco4) 

o o~~~~~~r + s2 2rs cos 4 

L8) V1-,/p2 + r2 +82- 2rs cos 4] 

The first integral on the right side of (8) is known ([4], formula 860.2): 

[s - r cos 4)] d o r<s, 

Or2 - S22rs cos 
(9) =7r/2s, r= s, 

-0, r > s, 

and the second can be converted to elliptic integrals in standard form by sub- 
stituting 4 = r- 20 and by rearranging, thus, 

Fr (s-r cos ) d4 1 

J0(r2+s2 - 2rsCOS )p2 + r2 + 82-2rs cos O s p2 + (r + S)2 

fs -r rt/2 dO / do 
(10) 2s 2rfT2 2)_l2+ Is + rio (1- a2 sin2 - 

/1 k2 0n2 Jo N/1-k2 5sj2 0) 

S+/p2 + (r + s)2 {s + r I, (a, k) + K(k) 
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where 

2 4rs Cj 
=(r + S)2' 

2 4rs 
p2k (r + )2 

and K(k) and II(a, k) are complete elliptic integrals of the first and third kinds, 
respectively. An alternative form which expresses the result in terms of Heuman's 
Lambda Function can be obtained from formula 413.01 of [2]: 

(s - r cos 4) dq5 
P JO (r2 + S2 - 2rs cos q5)Vp2 + r2 + 82- 2rs cos 4 (11) 1 

~~~~~~~~~f~r Is - rJl0( pK~k) 
1 (-r) )+ Vp2 

+(r 
+ 

S)23}' 

with 

sin, = A/l p 2 + (r_ -S) 

The final result is 

fevtJo(rt)J,(st) dt = ! - ?Ao(/, k) - , p (r < s)21 

(12) ![ 1 7r ] r = s 8 2 ir Np2+4r2 

= 1 [2 J?I k) _ ppK7(k) -- j)I r > s, 

where 

2 4rs 
_ p 

p2 + (r +S)2 sin- + (r +)2 

Equation (12) when r = s, incidentally, gives a particularly simple expression for 
Weeg's integral in those cases where - = 1. 
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